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ERGODIC TRANSPORT THEORY, PERIODIC MAXIMIZING PROBABILITIES
AND THE TWIST CONDITION
G. CONTRERAS (*), A. O. LOPES (**) AND E. R. OLIVEIRA (***)
Abstract. Consider the shift T acting on the Bernoulli space Σ = {1, 2, 3, .., d}N and A : Σ → R a
Holder potential. Denote
m(A) = max
ν an invariant probability for T
∫
A(x) dν(x),
and, µ∞,A, any probability which attains the maximum value. We will assume that the maximizing
probability µ∞ is unique and has support in a periodic orbit. We denote by T the left-shift acting on
the space of points (w, x) ∈ {1, 2, 3, .., d}Z = Σ×Σ = Σˆ. For a given potential Holder A : Σ→ R, where
A acts on the variable x, we say that a Holder continuous function W : Σˆ→ R is a involution kernel for
A (where A∗ acts on the variable w), if there is a Holder function A∗ : Σ→ R, such that,
A∗(w) = A ◦ T−1(w, x) +W ◦ T−1(w, x)−W (w,x).
Such A∗ and W exists when A is Holder. One can also consider V ∗ the calibrated subaction for A∗,
and, the maximizing probability µ∞,A∗ for A
∗.
The following result expression is known: for any given x ∈ Σ, it is true the relation
V (x) = sup
w∈Σ
[ (W (w, x)− I∗(w)) − V ∗(w) ],
where I∗ is non-negative lower semicontinuous function (it can attain the value ∞ in some points). In
this way V and V ∗ form a dual pair. I∗ is a deviation function for a Large Deviation Principle.
For each x one can get one (or, more than one) wx such attains the supremum above. That is,
solutions of
V (x) =W (wx, x)− V
∗(wx)− I
∗(wx) .
A pair of the form (x,wx) is called an optimal pair.
Under some technical assumptions, we show that generically on the potential A, the set of possible
optimal wx, when x covers the all range of possible elements x in ∈ Σ, is finite.
AMS classification: 37A05, 37A35, 37A60, 37D35 - Key words - Ergodic Optimization, Subaction,
Maximizing probability, Transport Theory, Twist condition, Generic Property
1. Introduction
We will state in this section the mathematical definitions and concepts we will consider in this work.
We denote by T the action of the shift in the Bernoulli space {1, 2, 3, .., d}N = Σ.
Definition 1.1. Denote
m(A) = max
ν an invariant probability for T
∫
A(x) dν(x),
and, µ∞,A, any probability which attains the maximum value. Any one of these probabilities µ∞,A is
called a maximizing probability for A.
We will assume here that the maximizing probability is unique and has support in a periodic orbit.
An important conjecture claims that this property is generic (see [16] for partial results).
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The analysis of this kind of problem is called Ergodic Optimization Theory [12] [24] [23] [16] [27] [6]
[10] [39] [20]. A generalization of such problems from the point of view of Ergodic Transport can be found
in [32].
We denote the set of α-Holder potentials on Σ by Cα(Σ,R).
If A is Holder, and, the maximizing probability for A is unique, then the probability µ∞,A is the limit
of the Gibbs states µβ A, for the potentials βA, when β →∞ [16] [17]. Therefore, our analysis concerns
Gibbs probabilities at zero temperature (β = 1/T ).
The metric d in Σ is defined by
d(ω, ν) := λN , N := min{ k ∈ N |ωk 6= νk }.
The norm we consider in the set Cα(Σ,R) of α-Holder potentials A is
||A||α = sup
d(x,y)<ε
|A(x) −A(y)|
d(x, y)α
+ sup
x∈Σ
|A(x)|.
We denote Σˆ = Σ × Σ = {1, 2, 3, .., d}Z, and, we use the notation x¯ = (...x−2, x−1 |x0, x1, x2, ..) ∈
Σˆ, w = (x0, x1, x2, ..) ∈ Σ, x = (x−1, x−2, ..) ∈ Σ. Sometimes we denote x¯ = (w, x). We say w =
(x0, x1, x2, ..) are the future coordinates of x¯ and x = (x−1, x−2, ..) ∈ Σ are the past coordinates of x¯.
We also use the notation: σ is the shift acting in the past coordinates w and T is the shift acting in the
future coordinates x. Moreover, T is the (right side)-shift on Σˆ, that is,
T
−1(...x−2, x−1 |x0, x1, x2, ..) = (...x−2, x−1 x0 |x1, x2, ..).
As we said before we denote the action of the shift in the coordinates x by T , that is,
T (x−1, x−2, x−2..) = (x−2, x−3, x−4..).
For w = (x0, x1, x2, ..) ∈ Σ, x = (x−1, x−2, ..) ∈ Σ, denote τw (x) = (x0 , x−1, x−2, ..).
We use sometimes the simplified notation τw = τx0 , because the dependence on w is just on the first
symbol x0,
Using the simplified notation x¯ = (w, x), we have
T
−1(w, x) = (σ(w), τw(x) ).
We also define τk,ax = (ak, ak−1, ..., a1, x0, x1, x2, ...), where x = (x0, x1, x2, ...), a = (a1, a2, a3, ...).
Bellow we consider that A acts on the past coordinate x and A∗ acts on the future coordinate w.
Definition 1.2. Consider A : Σ → R Holder. We say that a Holder continuous function W : Σˆ→ R is
a involution kernel for A, if there is a Holder function A∗ : Σ→ R, such that,
A∗(w) = A ◦ T−1(w, x) +W ◦ T−1(w, x) −W (w, x).
We say that A∗ is a dual potential of A, or, that A and A∗ are in involution.
The above expression can be also written as
A∗(w) = A(τw(x)) +W (σ(w), τw(x) ) −W (w, x).
Theorem 1.1. [2] Given A Holder there exist a Holder W which is an involution kernel for A.
We call µ∞,A∗ the maximizing probability for A
∗ (it is unique if A has a unique maximizing µ∞A, as
one can see in [2])
To consider a dual problem is quite natural in our setting. Note that m(A) = m(A∗) (see [2]).
We denote by K = K(µ∞,A, µ∞,A∗) the set of probabilities ηˆ(w, x) on Σˆ, such that π
∗
x(ηˆ) = µ∞,A,
and also that π∗y(ηˆ) = µ∞,A∗ .
We are interested in the solution µˆ of the Kantorovich Transport Problem for −W , that is, the solution
of
inf
ηˆ∈K
∫ ∫
−W (w, x) d ηˆ.
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Note that in the definition of W we use the dynamics of T. Note also that if we consider a new cost
of the form c(x,w) = −W (x,w) + ϕ(w), instead of −W , where ϕ bounded and measurable, then we do
not change the original minimization problem.
Definition 1.3. A calibrated sub-action V : Σ→ R for the potential A, is a continuous function V such
that
sup
y such that T (y)=x
{V (y) + A(y) − m(A) } = V (x).
We denote by V ∗ a calibrated subction for A∗.
If V is calibrated it is true that for any z in the support of the maximizing probability V (z) +A(z)−
m(A) = V (T (z). Generically (on the Holder class) on A, one can show that this equality it true just on
the support of the maximizing probability. An important issue here is to know if this last property is
also true for the maximizing probability of A∗. We address this question in the last sections.
We denote by µˆ the minimizing probability over Σˆ = {1, 2, 3, .., d}Z for the natural Kantorovich
Transport Problem associated to the −W , where W is the involution kernel for A (see [2]).
We call µˆmax the natural extension of µ∞,A as described in [2] [38].
In [28] was shown (not assuming the maximizing probability is a periodic orbit) that:
Theorem 1.2. Suppose the maximizing probability for A Holder is unique (not necessarily a periodic
orbit). Then, the minimizing Kantorovich probability µˆ on Σˆ associated to −W , where W is the involution
kernel for A, is µˆmax.
Moreover, it was shown in [28]:
Theorem 1.3. Suppose the maximizing probability is unique (not necessarily a periodic orbit). If V is
the calibrated subaction for A, and V ∗ is the calibrated subaction for A∗, then, the pair (−V,−V ∗) is the
dual (−W )-Kantorovich pair of (µ∞,A, µ∞,A∗).
The solution cames from the so called complementary slackness condition [8] [40] [41] which were
obtained in proposition 10 (1) [2]. We can assume that γ in [2] is equal to zero.
One can consider in the Bernoulli space Σ = {0, 1}N the lexicographic order. In this way, x < z, if
and only if, the first element i such that, xj = zj for all j < i, and xi 6= zi, satisfies the property xi < zi.
Moreover, (0, x1, x2, ...) < (1, x1, x2, ...).
One can also consider the more general case Σ = {0, 1, ..., d−1}N, but in order to simplify the notation
and to avoid technicalities, we consider only the case Σ = {0, 1}N. We also suppose, from now on, that
Σˆ = Σ× Σ.
Definition 1.4. We say a continuous G : Σˆ = Σ× Σ→ R satisfies the twist condition on Σˆ, if for any
(a, b) ∈ Σˆ = Σ× Σ and (a′, b′) ∈ Σ× Σ, with a′ > a, b′ > b, we have
(1) G(a, b) +G(a′, b′) < G(a, b′) +G(a′, b).
Definition 1.5. We say a continuous A : Σ→ R satisfies the twist condition, if its involution kernel W
satisfies the twist condition.
Examples of twist potentials are presented in [28].
One of the main results in [28] is:
Theorem 1.4. Suppose the maximizing probability is unique (not necessarily a periodic orbit) and W
satisfies the twist condition on Σˆ, then, the support of µˆmax = µˆ on Σˆ is a graph (up to one possible
orbit).
Given A : Σ = {1, 2, .., d}N → R Holder, the Ruelle operator LA : C
0(Σ) → C0(Σ) is given by
LA(φ)(x) = ψ(x) =
∑
T (z)=x e
A(z) φ(z).
We also consider LA∗ acting on continuous functions in Σ = {1, 2, .., d}
N.
We also denote by φA and φA∗ the corresponding eigen-functions associated to the main common
eigenvalue λ(A) of the operators LA and LA∗ (see [36]).
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νA, and, νA∗ are respectively the eigen-probabilities for the dual of the Ruelle operator LA and LA∗ .
Finally, µA = νA φA = and µA∗ = νA∗ φA∗ are the invariant probabilities such that they are solution
of the respective pressure problems for A and A∗. The probability µA is called the Gibbs measure for
the potential A.
If the maximizing probability is unique, then, it is easy to see that considering for any real β the
potential βA and the corresponding µβ A, then, µβ A → µ∞ ,A, when β →∞.
In the same way, if we take any real β, the potential βA∗, and, the corresponding µβ A∗ , then µβ A∗ →
µ∞ ,A∗ , when β →∞.
In Statistical Mechanics β = 1
T
where T is temperature. Then, µ∞,A is the version of the Gibbs
probability at temperature zero.
One can choose c (a normalization constant) such that
(2)
∫ ∫
eW (w,x)−c dνA∗(w) dνA(x) = 1,
A calibrated sub-action V can obtained as the limit [16] [17]
(3) V (x) = lim
β→∞
1
β
logφβA(x).
In the same way we can get a calibrated sub-action V ∗ for A∗ by taking
(4) V ∗(w) = lim
β→∞
1
β
logφβA∗(w) .
Moreover, by [2]
(5) φA∗(w) =
∫
eWA(w,x)−c dνA(x),
and,
(6) φA(x) =
∫
eWA(w,x)−c dνA∗(w) =
∫
eWA(w,x)−c
1
φA∗
dµA∗(w).
Note that if W and A∗ define an involution for A, then, given any real β, we have that βW and β A∗
define an involution for the potential β A. The normalizing constant c, of course, changes with β (see
[2]).
We say a family of probabilities µβ , β →∞, satisfies a Large Deviation Principle, if there is function
I : Σ→ R∪∞, which is non-negative, lower semi-continuous, and such that, for any cylinder K ⊂ Σ, we
have
lim
β→∞
1
β
log(µβ(K)) = − inf
z∈K
I(z).
In this case we say the I is the deviation function. The function I can take the value∞ in some points.
In [2] a Large Deviation Principle is described for the family µβ = µβA of equilibrium states for βA,
under the assumption that the maximizing probability for A is unique (see also [31] for a different case
where it is not assumed uniqueness). The function I is zero on the support of the maximizing probability
for A. We point out that there are examples where I can be zero outside the support (even when the
maximizing probability is unique) as we will show bellow in an example due to R. Leplaideur.
Applying the same to A∗ we get a deviation function I∗ : Σ→ R ∪ {∞}.
The function I∗ is defined by
I∗(w) =
∑
n≥ 0
(
V ∗ ◦ σ − V ∗ −A∗
)
◦ σn(w),
where V ∗ is a fixed calibrated subaction.
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We point out that in fact the claim of theorem 1.3 should say more precisely that the pair (−V,−V ∗)
is the dual (−W + I∗)-Kantorovich pair of (µ∞,A, µ∞,A∗).
Using the property (6) above, and, adapting Varadhan’s Theorem [18] to the present setting, it is
shown in [28], that given any x ∈ Σ, then, it is true the relation
V (x) = sup
w∈Σ
[W (w, x) − V ∗(w) − I∗(w) ].
For each x we get one (or, more than one) wx such attains the supremum above. Therefore,
V (x) =W (wx, x) − V
∗(wx)− I
∗(wx) .
A pair of the form (x,wx) is called an optimal pair. We can also say that wx is optimal for x.
Given A the involution kernelW and the dual potential A∗ are not unique. But, the above maximization
problem is intrinsic on A. That is, if we take another A∗ and the corresponding W , there is some
canceling, and we get the same problem as above (given x the optimal wx does not change).
It is also true that (see [28]) there exists γ such that for any w
γ + V ∗(w) = sup
x∈Σ
[W (w, x) − V (x) − I(x) ].
Given w, a solution of the above maximization is denoted by xw . We denote the pair (xw, w) a
∗-optimal pair.
We assume without lost of generality that γ = 0, by adding −γ to the function W .
Definition 1.6. The set of all (x,wx), is called the optimal set for A, and, denoted by O(A).
Remark 1: Note that in [28] it was shown that, under the twist assumption, the support of the
optimal transport periodic probability µˆA, for the cost −W , is a graph, that is, for each x, there is only
one w such that (x,w) is in the support of µˆA. But, nothing is said about the graph property of the set
O(A). Note that the support of µˆA is contained in O(A).
Remark 2: Note also that the minimal transport problem for the cost −W , or the cost −W + I∗ is
the same (see [28]).
Our main result is:
Theorem 1.5. Generically, in the set of potentials Holder potentials A that satisfy
(i) the twist condition,
(ii) uniqueness of maximizing probability which is supported in a periodic orbit,
the set of possible optimal wx, when x covers the all range of possible elements x in ∈ Σ, is finite.
We point out that this is a result for points outside the support of the maximizing probability.
In the first two sections we will show that under certain conditions the set of possible optimal wx is
finite, for any x. In section 3 and 4 we will show that these conditions are generic.
In [29] it is also considered the twist condition and results for the analytic setting are obtained.
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2. The twist property
In order to simplify the notation we assume that m(A) = m(A∗) = 0.
Given A, we denote
∆(x, x′, y) =
∑
n≥1
A ◦ τy,n(x) −A ◦ τy,n(x
′).
The involution kernel W can be computed for any (ω, x) by W (ω, x) = ∆A(ω, x, x), where we choose
a point x for good.
It is known the following relation: for any x, x′, w ∈ Σ, we have that W (w, x)−W (w, x′) = ∆(w, x, x′)
(see [2])
We assume from now on that A satisfies the twist condition. It is known in this case (see [5] [30]),
that x→ wx (can be multivaluated) is monotonous decreasing.
Proposition 2.1. If A is twist, then x→ wx is monotonous decreasing.
Proof: See [29] 
We define R by the expression R(x) = V (σ(x)) − V (x) − A(x) ≥ 0, and, we define R∗ by R∗(w) =
V ∗(σ(w)) − V ∗(w) −A∗(w) ≥ 0.
Note that given y, there is a preimage x of y, such that, R(x) = 0. The analogous property is true for
R∗.
Given A (and a certain choice of A∗ andW ) the next result (which does not assume the twist condition)
claims that the dual of R is R∗, and the corresponding involution kernel is (V ∗ + V −W ).
Proposition 2.2. (Fundamental Relation)(FR)
R(τwx) = (V
∗ + V −W )(x,w) − (V ∗ + V −W )(τwx, σ(w)) +R
∗(w).
Proof: see [29] 
We know that the calibrated subaction satisfies
V (x) = max
w∈Σ
(−V ∗ − I∗ +W )(x,w).
Then, we define
b(x,w) = (V ∗ + V + I∗ −W )(x,w) ≥ 0,
and,
ΓV = {(x,w) ∈ Σ× Σ|V (x) = (−V
∗ − I∗ +W )(x,w)},
which can be written in an equivalent form
ΓV = {(x,w) ∈ Σ× Σ | b(x,w) = 0}.
Given x, this maximum at wx can not be realized where I
∗(w) is infinity.
Remark 3: Note, that b(x,w) = 0, if and only if, (x,w) is an optimal pair. We are not
saying anything for ∗-optimal pairs.
If we use R∗(w) = I∗(w)− I∗(σw), the FR becomes
R(τwx) = (V
∗ + V −W )(x,w) − (V ∗ + V −W )(τwx, σ(w)) + I
∗(w) − I∗(σ(w)),
or
R(τwx) = b(x,w)− b(τwx, σ(w)) FR1.
From this main equation we get:
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Lemma 2.1. If T−1(x,w) = (τwx, σ(w)), then
a) b− b ◦ T−1(x,w) = R(τwx);
b) The function b it is not decreasing in the trajectories of T;
c) ΓV is backward invariant;
d) when (x,w) is optimal then R(τw(x)) = 0.
Proof:
The first one its a trivial consequence of the definition of T−1. The second one it is a consequence of
R ≥ 0:
b− b ◦ T−1(x,w) = R(τwx) ≥ 0
b(x,w) ≥ b ◦ T−1(x,w).
In order to see the third part we observe that
(x,w) ∈ ΓV ⇔ b(x,w) = 0
Since
b(x,w) ≥ b ◦ T−1(x,w) ≥ 0
we get b(τwx, σ(w)) = 0 thus (τwx, σ(w)) ∈ ΓV . 
From the above we get that in the case (x,w) is optimal, then, T−1(x,w) is also optimal. Indeed, we
have that
b(x,w) = 0⇒ b(τwx, σ(w)) = 0.
This is equivalent to
V (x) = −V ∗(w) − I∗(w) −W (x,w)⇒
V (τwx) = −V
∗(σ(w)) − I∗(σ(w)) −W (τwx, σ(w)).
In this way T−n spread optimal pairs.
We denote by M the support of the maximizing probability periodic orbit.
Consider the compact set of points P = {w ∈ Σ, such that σ(w) ∈M , and w is not on M}.
Definition 2.1. We say that A is good if, for each w ∈ P , we have that R∗(w) > 0.
We alternatively, say sometimes that R∗ is good for A∗.
We point out that there are examples of potentials A∗ (with a unique maximizing probability) where
the corresponding R∗ is not good (see Example 1 in the end of the present section) .
Remember that ,
I∗(w) =
∑
n≥ 0
(
V ∗ ◦ σ − V ∗ −A∗
)
◦ σn(w) =
∑
n≥ 0
R∗(σn(w)).
In [30] section 5 it is shown that if I∗(w) is finite, then
lim
n→∞
1
n
n−1∑
j=0
δσj(w) → µ
∗
∞.
One important assumption here is that R∗ is good. We will show later that this property is true for
generic potentials A.
Proposition 2.3. Assume A is good. If I∗(w) < ∞, then, w is in the preimage of the maximizing
probability for A∗.
For a proof see section 5 in [30]
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Proposition 2.4. Suppose (x,wx) is an optimal pair, and, A is good, then, there exists k, such that,
w˜k = σ
k(wx) is in the support of the maximizing probability for A
∗. Moreover, for such k, we have that
T−k(x,wx) is an optimal pair.
Proof:
Suppose (x,wx) is optimal. Therefore, I
∗(wx) < ∞. Then, by a previous proposition, wx is in the
pre-image of the maximizing probability for A∗, that is, there exists k such that w˜ = σk(wx) is in the
support of the maximizing probability for A∗.
Moreover, b(T−k(x,wx)) = (xk, σ
k(wx)) = (xk, w˜k) is also optimal. 
Proposition 2.5. Assume A is good, then, the set of w such that I∗(w) <∞ is countable.
Definition 2.2. We say a continuous A : Σ → R satisfies the the countable condition, if there are a
countable number of possible optimal wx, when x ranges over the interval Σ.
Remark: If A is good, then, it satisfies the countable condition.
We showed before that the twist property implies that for x < x′, if b(x,w) = 0 and b(x′, w′) = 0,
then w′ < w, which means that the optimal sequences are monotonous not increasing. Thus, we define
the “turning point c” as being the maximum of the point x that has his optimal sequence starting in
1:
c = sup{x | b(x,w) = 0 ⇒ w = (1w1 w2...)}.
The main criteria is the following:
“If x ∈ σ has the optimal sequence w = (w0 w1 w2 ...) then
w0 =
{
1, if x ∈ [0∞, c]
0, if x ∈ (c, 1∞]”
Starting from (x0, w0) we can iterate FR1 by T
−n(x,w) = (xn, wn) in order to obtain new points
w1, w2 ... ∈ Σ. Unless the only possible optimal point wx, for all x, is a fixed point for σ, then, 0 < c < 1.
Note that for c there are two optimal pairs (c, w) and (c, w′), where the first symbol of w is zero, and,
the first symbol of w′ is one.
We denote
B(w) = {x | b(x,w) = 0}.
Lemma 2.2. (Characterization of optimal change) Let c ∈ (0∞, 1∞) be the turning point then, for any
x < x′ and b(x,w) = 0 and b(x′, w′) = 0, we have w 6= w′ if, and only if, there exists n ≥ 0 such that
T n(c) ∈ [x, x′]. Moreover, if x, x′ are such that wx and w
′
x are identical until the n coordinate, then,
T n(c) ∈ (x, x′).
Each set B(w) = [a, b] is such that a = T n(c), or, a it is accumulated by a subsequence of T j(c) from
the left side. Similar property is true for b (accumulated by the right side).
Proof. Step 0
If x < x′ ≤ c then w0 = w
′
0 = 1 else if c < x < x
′ then w0 = w
′
0 = 0. Suppose w0 = w
′
0 =∈ {0, 1} then
applying FR1 we get τix < τix
′ and b(τix, (w1 w2 ...)) = 0 and b(τix
′, (w′1 w
′
2 ...)) = 0.
Step 1
If τix < τix
′ ≤ c then w1 = w
′
1 = 1 else if c < τix < τix
′ then w1 = w
′
1 = 0. Otherwise if τ1x < c < τ1x
′
we can use the monotonicity of T in each branch in order to get x < T (c) < x′. Thus
w1 6= w
′
1 ⇔ x < T (c) < x
′.
The conclusion comes by iterating this algorithm.
The last claim is obvious from the above.

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A point x is called pre-periodic (or, eventually periodic) if there is n 6= m, such that, T n(x) = Tm(x).
We denote [a, b], a, b ∈ Σ, a ≤ b, the set of all points w in Σ such a ≤ w ≤ b. We call [a, b] the interval
determined by a and b. Each interval [a, b], with a < b, is not countable
Lemma 2.3. The set
B(w) = {x | b(x,w) = 0}
is an interval (can eventually be a single point). More specifically, if B(w) = [a, b], then, a and b are
adherence points of the orbit of c.
In particular, if c is pre-periodic, then, for any non-empty B(w), there exists n,m such that B(w) =
[T n(c), Tm(c)] (unless B(w) is of the form [0, b], or [a, 1].
For a proof see [29].
Lemma 2.4. Let c ∈ Σ be the turning point. Let us suppose the c is isolated from his orbit, which means
that, there is d, e, w− and w+, such that, b(x,w−) = 0, for any x ∈ (d, c], and, b(x,w+) = 0, for any
x ∈ [c, e), then, there is no accumulation points of the orbit of c. In this case c is eventually periodic.
For a proof see [29].
Remark 4: The main problem we have to face is the possibility that the orbit of c is dense in [0, 1].
If c is eventually periodic there exist just a finite number intervals B(w) with positive length. The
other B(w) are reduced to points and they are also finite.
Lemma 2.5. Suppose A satisfies the twist and the countable condition. Then there is at least one B(w)
with positive length of the form (T n(c), Tm(c)). Moreover, for each subinterval (a, b) there exists at least
one B(w) with positive length of the form (T n(c), Tm(c)) contained on it. Therefore, there exists an
infinite number of such intervals.
Denote the possible w, such that, I∗(w) <∞, by wj , j ∈ N.
For each wj , j ∈ N, denote Ij = B(w
j), the maximal interval where for all x ∈ Ij , we have that,
(x,wj) is an optimal pair. Some of these intervals could be eventually a point, but, an infinite number
of them have positive length, because the set Σ is not countable. We consider from now on just the ones
with positive length.
Note that by the same reason, in each subinterval (e, u), there exists an infinite countable number of
B(w) with positive length.
We suppose, by contradiction, that each interval B(w) = [a, b], with positive length is such that, each
side is approximated by a sub-sequence of points T j(c).
Take one interval (a1, b1) with positive length inside Σ. There is another one (a2, b2) inside (0
∞, a1),
and one more (a3, b3) inside (b1, 1
∞).
If we remove from the interval Σ these three intervals we get four intervals. Using our hypothesis, we can
find new intervals with positive length inside each one of them. Then we do the same removal procedure
as before. This procedure is similar to the construction of the Cantor set. If we proceed inductively on
this way, the set of points x which remains after infinite steps is not countable. An uncountable number
of such x has a different wx. This is not possible because the optimal wx are countable.
Then, the first claim of the lemma is true.
Given an interval (a, b) ⊂ Σ, we can do the same and use the fact that (a, b) is not countable.

Lemma 2.6. Under the twist and the countable condition the turning point c is eventually periodic.
Proof:
Denote by wj , j ∈ N, the countable set of pre-images of the periodic orbit maximizing A∗.
For each wj , j ∈ N, denote Ij = B(w
j), the maximal interval where for all x ∈ Ij , we have that,
(x,wj) is an optimal pair. Some of these intervals could be, eventually, a point, but, an infinite number
of them have positive length, because the set Σ is not countable
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We will suppose c is not eventually periodic, and, we will reach a contradiction. Therefore, if T n(c) =
Tm(c), then m = n.
From, now on we consider just j, such that, for the corresponding wj , the interval Ij has positive
length, and, it is of the form [T n(c), Tm(c)], m,n ≥ 1. From last lemma there exist an infinite number of
them.
Denote by Ij = [aj , bj]. We denote I0 the interval of the form [0
∞, b0], and, I1 the interval of the form
[a0, 1
∞]. From last lemma, for j 6= 0, 1, there is nj and mj, such that aj = T
nj(c) and bj = T
mj(c).
Consider the inverse branch τij
1
, where ij1 = i1 is such that τi1((T
nj )(c)) = T nj−1(c). This i1 do not
have to be the first symbol of the optimal w for T nj (c). Then, τi1(Ij) is another interval, which is
strictly inside a domain of injectivity of T , does not contain any forward image of c, and in its left side
we have the point T nj−1(c).
Then, repeating the same procedure inductively, we get i2, such that τi2((T
nj−1)(c)) = T nj−2(c),
determining another interval which does not contain any forward image of c, and in his left side we have
the point T nj−2(c). Repeating the reasoning over and over again, always taking the same inverse branch
which contain T n(c), 0 ≤ n ≤ nj , after nj times we arrive in an interval of the form (c, rj). Note that
each inverse branch preserves order. It is not possible to have an iterate T k(c), k ∈ N, inside this interval
(c, rj) (by the definition of Ij). Then, the optimal w for x in this interval (c, rj) is a certain w˜j which
can be different of σnj (wj).
Suppose now that nj > mj . Using the analogous procedure we get that there exists r
j , such that the
optimal wx for x in the interval (r
j , c) is σnj (wj).
If both cases happen, then c is eventually periodic.
The trouble happens when just one type of inequality is true. Suppose without lost of generality that
we have always nj < mj , for all possible j.
Let’s fix for good a certain j.
Therefore, all we can get with the above procedure is that c is isolated by the right side
In the procedure of taking pre-image of T nj(c), always following the forward orbit T n(x), 0 ≤ n ≤ nj ,
we will get a sequence of i1, i2, ..., inj . In the first step we have two possibilities: τi1 (T
m−j(c)) = Tmj−1(c),
or not.
If it happens the second case, we are done. Indeed, the interval τi1 [T
nj(c), Tmj (c))] does not contain
forward images of c (otherwise [T nj(c)), Tmj (c))] would also have). Now we follow the same procedure
as before, but, this time following the branches which contains the orbit of Tm(c), 0 ≤ m ≤ mj . In this
way, we get that c is isolated by the left side.
Suppose τi1 (T
mj(c)) = Tmj−1(c). Consider the interval, [T nj−1(c)), Tmj−1(c))], which do not contain
forward images of c.
Now, you can ask the same question: τi2(T
mj−1(c)) = Tmj−2(c)? If this do not happen (called the
second option), then, in the same way as before, we are done (c is also isolated by the right side). If the
expression is true, then, we proceed with the same reasoning as before.
We proceed in an inductive way until time nj . If in some time we have the second option, we are done,
otherwise, we show that any x ∈ (c, Tmj−nj (c)) has a unique optimal wx (there is no forward image of c
inside it).
Denote k = mj − nj for the j we fixed.
From the above we have that for any B(w), which is an interval of the form [T ni(c)), Tmi(c))], for any
possible i, it is true that mi − ni = k. There are an infinite number of intervals of this form.
We claim that the set of points x which are extreme points of any B(w˜), and, such that x can be
approximated by the forward orbit of c is finite. Suppose without lost of generality that x is the right
point of a B(w) = (z, x).
If the above happens, then, by the last lemma, we have an infinite sequence of intervals of the form
[T ni(c)), T ni+k(c))], such that T ni(c)→ x, as ni →∞. Therefore, x is a periodic point of period k. There
are a finite number of points of period k. This shows our main claim. Finally, c is eventually periodic.

Definition 2.3. We denote by G the set of Holder potentials such that
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1) the maximizing probability is unique, and it is a periodic orbit;
2) The potential A satisfies the twist condition;
3) R∗ is good for A∗.
From the above one can get:
Theorem 2.7. Suppose A is in G, then, for any x, there exists a finite number of possible wx such that
(x,wx) are optimal pairs. If we denote by Ij = (aj , bj), j = 1, 2, .., n, the maximal open intervals where
for x ∈ Ij the wx is constant, then, just on the points x = aj, or x = bj, we can get two different wx,
which define points (x,wx) in the optimal set O(A).
Note that if x is in the maximizing orbit for A ∈ G, then, at least one of the optimal wx is in the
support of the maximizing probability for A∗. This point x can be eventually in the extreme of one of
this maximal intervals IJ . This do not contradicts the graph property
Definition 2.4. We denote by A the open set of Holder potentials such that
1) the maximizing probability is unique, and it is a periodic orbit;
2) The potential A satisfies the twist condition.
The next theorem shows the class we consider above is large.
Theorem 2.8. The set G is generic in the open set A.
The proof of this result will be done in the next two sections (see Theorem 4.1 bellow).
Corollary 2.9. For any A ∈ G, the value c = cA is given by the expression
c = inf{x |V (x)− V (τ1x)−A(τ1(x)) > 0},
where V is any calibrated subaction for A. Moreover, cA is locally constant as a function of A.
Proof:
The first claim follows from the fact that we have to use 0 as first symbol of the optimal wx, when x
is on the right of c.
If R∗ is good the point c is in the pre-image of the support of the maximizing probability (which is
locally constant by the continuous varying support property [16]). Therefore, the possible c are in a
countable set.
Note that under the uniqueness hypothesis of the maximizing probability for A, the sub-action V = VA
can be chosen in a continuous fashion with A. From this follows the last claim of the corollary. 
Now we will provide a counterexample.
Example 1. The following example is due to R. Leplaideur.
We will show an example on the shift where the maximizing probability for a certain Lipschitz poten-
tial A∗ : {0, 1}N → R is a unique periodic orbit γ of period two, denoted by p0 = (01010101...), p1 =
(10101010...), but for a certain point, namely, w0 = (110101010..), which satisfies σ(w0) = p1, we have
that R∗(w0) = 0.
The potential A∗ is given by A∗(w) = −d(w, γ ∪ Γ), where d is the usual distance in the Bernoulli
space. The set Γ is described later.
For each integer n, we define a 2n+ 3-periodic orbit zn, σ(zn), . . . , σ
2n+2(zn) as follows:
we first set
bn = (01010101 . . .01︸ ︷︷ ︸
2n
1 01),
and the point zn is the concatenation of the word bn: zn = (bn, bn, ...)
The main idea here is to get a sequence of periodic points which spin around the periodic orbit {p0, p1}
during the time 2n, and then pass close by w0 (note that d(σ
2n(zn), w0) = 2
−2(n+1)).
Denote γn the periodic orbit γn = {zn, σ(zn), σ
2(zn), ..., σ
2n+2(zn) }.
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Consider the sequence of Lipschitz potentials A∗n(w) = −d(w, γn ∪ γ). The support of the maximizing
probability for A∗n is γn ∪ γ. Moreover
0 = m(A∗n) = max
ν an invariant probability for σ
∫
A∗n(w) dν(w).
Denote by V ∗n a Lipschitz calibrated subaction for A
∗
n such that V
∗
n (w0) = 0. In this way, for all w
R∗n(w) = (V
∗
n ◦ σ − V
∗
n −A
∗
n) (w) ≥ 0,
and for w ∈ γn ∪ γ we have that R
∗
n(w) = 0.
We know that R∗n is zero on the orbit γn, because γn is included in the Masur set.
Note that we not necessarily have R∗n(w0) = 0.
By construction, the Lipschitz constant for A∗n is 1. This is also true for V
∗
n . Hence the family of
subactions (V ∗n ) is a family of equicontinuous functions. Let us denote by V
∗ any accumulation point for
(V ∗n ) for the C
0-topology. Note that V ∗ is also 1-Lipschitz continuous. For simplicity we set
V ∗ = lim
k→∞
V ∗nk .
We denote by Γ the set which is the limit of the sets γn (using the Hausdorff distance). γ ∪ Γ is a
compact set. Note that Γ is not a compact set, but the set of accumulation points for Γ is the set γ. We
now consider A∗(w) = −d(w, γ ∪ Γ).
As any accumulation point of Γ is in γ, any maximizing probability for the potential A∗ has support
in γ. On the contrary, the unique σ-invariant measure with support in γ is maximizing for A∗.
Remember that for any n we have V ∗n (w0) = 0.We also claim that we have A
∗
nk
(w0) → 0 and
V ∗nk(σ(w0))→ 0, as k →∞.
For each fixed w we set
R∗nk(w) = (V
∗
nk
◦ σ − V ∗nk −A
∗
nk
) (w) ≥ 0.
The right hand side terms converge (for the C0-topology) as k goes to +∞. Then R∗nk converge, and we
denote by R∗ its limit. Then for every w we have:
R∗(w) = (V ∗ ◦ σ − V ∗ −A∗) (w) ≥ 0.
This shows that V ∗ is a subaction for A∗. Note that R∗(w0) = 0. From the uniqueness of the
maximizing probability for A∗ we know that there exists a unique calibrated subaction for A∗ (up to an
additive constant).
Consider a fixed w and its two preimages wa and wb. For any given n, one of the two possibilities
occur R∗n(wa) = 0 or R
∗
n(wb) = 0, because V
∗
n is calibrated for A
∗
n.
Therefore, for an infinite number of values k either R∗nk(wa) = 0 or R
∗
nk
(wb) = 0.
In this way the limit of V ∗nk is unique (independent of the convergent subsequence) and equal to V
∗,
the calibrated subaction for A∗ (such that V ∗(w0) = 0).
Therefore,
R∗(w0) = (V
∗ ◦ σ − V ∗ −A∗) (w0) = 0,
and V ∗ is a calibrated subaction for A∗(w) = d(w, γ ∪ Γ).
3. Generic continuity of the Aubry set.
In this section and in the next we will present the proof of the generic properties we mention before.
In order to do that we will need several general properties in Ergodic Optimization.
Remember that we will denote the action of the shift in the points x by T , and, we leave σ for the
action of the shift in the coordinates w.
We will present our main results in great generality. First, in this section, we analyze the main
properties of sub-actions and its dependence on the potential A.
First we will present the main definitions we will consider here.
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F ⊂ C0(Σ,R) denotes a complete metric space with a (topology finer than) metric larger than
dC0(f, g) = ‖f − g‖0 := supx∈Σ |f(x)− g(x)|; (for instance, Ho¨lder functions, Lispchitz functions, etc)
AND such that
(7) ∀K ⊂ Σ compact , ∃ψ ∈ F s.t. ψ ≤ 0, [ψ = 0] = {x |ψ(x) = 0} = K.
Given A ∈ F and F a calibrated sub-action for A, remember that its error is denoted by R = RA :
Σ→ [0,+∞[:
R(x) := F (T (x))− F (x) −A(x) +mA ≥ 0.
S(A) denotes the set of Holder calibrated sub-actions (it is not empty [17] [16])
Given A, the Man˜e´ action potential is:
SA(x, y) := lim
ε→0
[
sup
{ n−1∑
i=0
[
A(T i(z))−mA
] ∣∣∣ n ∈ N, T n(z) = y, d(z, x) < ε}].
Given x and y the above value describe the A-cost of going from x to y following the dynamics.
The Aubry set is A(A) := { x ∈ Σ |SA(x, x) = 0 }.
The terminology is borrowed from the Aubry-Mather Theory [11].
For any x ∈ A(A), we have that SA(x, .) is a sub-action (in particular, in this case, SA(x, y) > −∞,
for any y), see Proposition 23 in [16].
The set of maximizing measures is
M(A) := {µ ∈ M(T ) |
∫
Adµ = mA }.
If F ∈ Cα(Σ,R) is a Ho¨lder function define
|F |α := sup
x 6=y
|F (x) − F (y)|
d(x, y)α
.
Define the Man˜e´ set as
N(A) :=
⋃
F∈S(A)
I−1F {0},
where the union is among all the α-Ho¨lder calibrated sub-actions F for A and
IF (x) =
∞∑
i=0
RF (T
i(x)).
IF (x) is the deviation function we considered before.
For A ∈ F define the Mather set as
M(A) :=
⋃
µ∈M(A)
supp(µ).
The Peierls barrier is
hA(x, y) : = lim
ε→0
lim sup
k→+∞
SA(x, y, k, ε),
where SA(x, y, k, ε) := sup
{ n−1∑
i=0
[
A(T i(z))−mA
] ∣∣∣ n ≥ k, T n(z) = y, d(z, x) < ε}.
Several properties of the Man˜e´ potential and the Peierls barrier are similar (but not all, see section 4
in [21]). We will present proofs for one of them and the other case is similar.
Lemma 3.1.
(1) If µ is a minimizing measure then
supp(µ) ⊂ A(A) = { x ∈ Σ | SA(x, x) = 0 }.
(2) SA(x, x) ≤ 0, for every x ∈ Σ.
(3) For any z ∈ Σ, the function F (y) = hA(z, y) is Ho¨lder continuous.
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(4) If, a ∈ A(A), then, hA(a, x) = SA(a, x), for all x ∈ Σ.
In particular, F (y) = SA(a, x) is continuous, if a ∈ A(A).
(5) If SA(w, y) = hA(w, y) then the function F (y) = SA(w, y) is continuous at y.
(6) If S(x0, T
nk(x0)) =
∑nk−1
j=0 A(T
j(x0)), limk T
nk(x0) = b and limk nk = +∞, then
lim
k
S(x0, T
nk(x0)) = S(x0, b)
.
Item (1) follows from Atkinson-Man˜e´’s lemma which says that if µ is ergodic for µ-almost every x and
every ε > 0, the set
N(x, ε) :=
{
n ∈ N
∣∣∣
∣∣∣∣∣∣
n−1∑
j=0
A(T j(x))− n
∫
Adµ
∣∣∣∣∣∣ ≤ ε
}
is infinite (see Lemma 2.2 [34] (which consider non-invertible transformation, [11], [16] or [20] for the
proof). We will show bellow just the items which are not proved in the mentioned references.
The problem with the discontinuity of F (y) = SA(w, y) is when the maximum is obtained at a finite
orbit segment (i.e. when SA(w, y) 6= hA(w, y)), the hypothesis in item 5.
Proof.
By adding a constant we can assume that mA = 0.
(2). Let F be a continuous sub-action for A. Then
−RF = A+ F − F ◦ T ≤ 0.
Given x0 ∈ Σ, let xk ∈ Σ and nk ∈ N be such that T
nk(xk) = x0, limk xk = x0 and
S(x0, x0) = lim
k
nk−1∑
j=0
A(T j(xk)).
We have
nk−1∑
j=0
A(T j(xk)) =
[ nk−1∑
j=0
(
A+ F − F ◦ T
)
(T j(xk))
]
+ F (x0)− F (xk)
≤ F (x0)− F (xk).
Then
S(x0, x0) = lim
k
nk−1∑
j=0
A(T j(xk)) ≤ lim
k
[
F (x0)− F (xk)
]
= 0.
The proofs of (3) (4) (5) can be found in [16] [20]
(6). Let τk be the branch of the inverse of T
nk such that τk(T
nk(x0)) = x0. Let bk = τk(b) for k
sufficiently large. Then, by the expanding property of the shift, there is λ < 1, such that,
d(x0, bk) ≤ λ
nk d(T nk(x0), b)
k
−→ 0,∣∣∣∣∣
nk−1∑
i=0
A(T i(x0))−
nk−1∑
i=0
A(T i(bk))
∣∣∣∣∣ ≤
‖A‖α
1− λα
d(T nk(x0), b)
α.
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Write Q := |A|α1−λα , then
S(x0, b) ≥ lim sup
k
nk−1∑
i=0
A(T i(bk))
≥ lim sup
k
S(x0, T
nk(x0))−Qd(T
nk(x0), b)
α
≥ lim sup
k
S(x0, T
nk(x0)).
Now for ℓ ∈ N let bℓ ∈ Σ and mℓ ∈ N be such that lim bℓ = x0, T
mℓ(bℓ) = b and
lim
ℓ
mℓ−1∑
j=0
A(T j(bℓ)) = S(x0, b).
Let τˆl be the branch of the inverse of T
mℓ such that τˆl(b) = bℓ. Let xℓ := τˆl(T
nk(x0)). Then
d(xℓ, x0) ≤ d(x0, bℓ) + d(bℓ, xℓ)
≤ d(x0, bℓ) + λ
ℓ d(T nk(x0), b)
ℓ
−→ 0.∣∣∣∣∣∣
mℓ−1∑
j=0
A(T j(xℓ))−
mℓ−1∑
j=0
A(T j(bℓ))
∣∣∣∣∣∣ ≤ Qd(T
nk(x0), b)
α.
Since xℓ → x0 and T
mℓ(xℓ) = T
nk(x0), we have that
S(x0, T
nk(x0)) ≥ lim sup
ℓ
mℓ−1∑
j=0
A(T j(xℓ))
≥ lim sup
ℓ
mℓ−1∑
j=0
A(T j(bℓ))−Qd(T
nk(x0), b)
α
≥ S(x0, b)−Qd(T
nk(x0), b)
α.
And hence
lim inf
k
S(x0, T
nk(x0)) ≥ S(x0, b).

Proposition 3.1. The Aubry set is
A(A) =
⋂
F∈S(A)
I−1F {0},
where the intersection is among all the α-Ho¨lder calibrated sub-actions for A.
Proof.
By adding a constant we can assume that mA = 0.
We first prove that A(A) ⊂
⋂
F∈S(A) I
−1
F {0}.
Let F ∈ S(A) be a Ho¨lder sub-action and x0 ∈ A(A). Since SA(x0, x0) = 0 then there is xk → x0 and
nk ↑ ∞ such that limk T
nk(xk) = x0 and limk
∑nk−1
j=0 A(T
j(xk)) = 0. If m ∈ N we have that
F (Tm+1(x0)) ≥ F (T
m(x0)) +A(T
m(x0))
≥ F (Tm+1(xk)) +
nk+m−1∑
j=m+1
A(T j(xk)) +A(T
m(x0))
≥ F (Tm+1(xk)) +
nk−1∑
j=0
A(T j(xk))−
m∑
j=0
|A(T j(xk)) −A(T
j(x0))|(8)
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When k →∞ the right hand side of (8) converges to F (Tm+1(x0)), and hence all those inequalities are
equalities. Therefore RF (T
m(x0)) = 0 for all m and hence IF (x0) = 0.
Now let x0 ∈
⋂
F∈S(A) I
−1
F {0}. Sinc Σ is compact there is nk
k
→ +∞ such that the limits b =
limk T
nk(x0) ∈ Σ and µ = limk µk ∈ M(T ), µk :=
1
nk
∑nk−1
i=0 δT i(x0) exist and b ∈ supp(µ). Let G be a
Ho¨lder calibrated sub-action. For m ≥ n we have
G(T n(x0)) + SA(T
n(x0), T
m(x0)) ≥ G(T
n(x0)) +
m−1∑
j=n
A(T j(x0))
= G(Tm(x0)) [because IG(x0) = 0 ]
≥ G(T n(x0)) + SA(T
n(x0), T
m(x0)).
Then they are all equalities and hence for any m ≥ n
SA(T
n(x0), T
m(x0)) =
m−1∑
j=n
A(T j(x0)).
Since
0 = lim
k
1
nk
SA(T
n(x0), T
m(x0)) = lim
k
1
nk
m−1∑
j=n
A(T j(x0)) =
∫
Adµ,
µ is a minimizing measure. By lemma 3.1.(1), b ∈ A(A).
Let F : Σ → R be F (x) := SA(b, x). Then F is a Ho¨lder calibrated sub-action. By hypothesis
IF (x0) = 0 and then
F (T n(x0)) = F (x0) + SA(x0, T
nk(x0)).
SA(b, T
nk(x0)) = SA(b, x0) + SA(x0, T
nk(x0)).
By lemma 3.1.(4) and Lemma 3.1.(6), taking the limit on k we have that
0 = SA(b, b) = SA(b, x0) + SA(x0, b) = 0.
0 ≥ SA(x0, x0) ≥ SA(x0, b) + SA(b, x0) = 0
Therefore x0 ∈ A(A).

We want to show the following result which will require several preliminary results.
Theorem 3.1. The set
(9) R := {A ∈ Cα(Σ,R) | M(A) = {µ}, A(A) = supp(µ) }
contains a residual set in Cα(Σ,R).
The proof of the bellow lemma (Atkinson-Man˜e´) can be found in [34] and [11].
Lemma 3.2. Let (X,B, ν) be a probability space, f an ergodic measure preserving map and F : X → R
an integrable function. Given A ∈ B with ν(A) > 0 denote by Aˆ the set of points p ∈ A such that for all
ε > 0 there exists an integer N > 0 such that fN (p) ∈ A and
∣∣∣N−1∑
j=0
F
(
f j(p)
)
−N
∫
F dν
∣∣∣ < ε .
Then ν(Aˆ) = ν(A).
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Corollary 3.3. If besides the hypothesis of lemma 3.2, X is a complete separable metric space, and B
is its Borel σ-algebra, then for a.e. x ∈ X the following property holds: for all ε > 0 there exists N > 0
such that d(fN (x), x) < ε and ∣∣∣∣∣∣
N−1∑
j=0
F
(
f j(x)
)
−N
∫
F dν
∣∣∣∣∣∣ < ε
Proof. Given ε > 0 let {Vn(ε)} be a countable basis of neighborhoods with diameter < ε and let Vˆn
be associated to Vn as in lemma 3.2. Then the full measure subset ∩
m
∪
n
Vˆn(
1
m
) satisfies the required
property. 
Lemma 3.4. Let R be as in Theorem 3.1. Then if A ∈ R, F ∈ S(A) we have
(1) If a, b ∈ A(A) then SA(a, b) + SA(b, a) = 0.
(2) If a ∈ A(A) = supp(µ) then F (x) = F (a) + SA(a, x) for all x ∈ Σ.
Proof.
(1). Let a, b ∈ A(A) = supp(µ). Since µ is ergodic, by Corollary 3.3 there are sequences αk ∈ Σ,
mk ∈ N such that limkmk =∞, limk αk = a, limk d(T
mk(αk), αk) = 0,
mk−1∑
j=0
A(T j(αk)) ≥
1
k
, and writing µk :=
1
mk
mk−1∑
j=1
δTmk (αk), lim
k
µk = µ.
Since b ∈ supp(µ) there are nk ≤ mk such that limk T
nk(αk) = b.
Let τk be the branch of the inverse of T
nk such that τk(T
nk(αk)) = αk. Let bk := τk(b). Then
T nk(bk) = b and
d(bk, a) ≤ d(bk, αk) + d(αk, a)
≤ λnk d(b, T nk(αk)) + d(αk, a)
≤ d(b, T nk(αk)) + d(αk, a)
k
−→ 0.
We have that ∣∣∣∣∣∣
nk−1∑
j=0
A(T j(bk)) −
nk−1∑
j=0
A(T j(αk))
∣∣∣∣∣∣ ≤
‖A‖α
1− λα
d(T nk(αk), b)
α.
S(a, b) ≥ lim sup
k
nk−1∑
j=0
A(T j(bk))
≥ lim sup
k
nk−1∑
j=0
A(T j(αk))−Qd(T
nk(αk), b)
α.
Let τk be the branch of the inverse of T
mk−nk such that τk(T
mk(αk)) = T
nk(αk). Let ak := τk(a)
Then Tmk−nk(ak) = a and
d(b, ak) ≤ d(b, T
nk(αk)) + d(T
nk(αk), ak)
≤ d(b, T nk(αk)) + λ
mk−nk d(Tmk(ak), a)
≤ d(b, T nk(αk)) + d(T
mk(ak), a)
k
−→ 0.
Also ∣∣∣∣∣∣
mk−nk−1∑
j=0
A(T j(ak))−
mk−1∑
j=nk
A(T j(αk))
∣∣∣∣∣∣ ≤
‖A‖α
1− λα
d(a, Tmk(αk)).
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S(a, b) ≥ lim sup
k
mk−nk−1∑
j=0
A(T j(ak))
≥ lim sup
k
mk−1∑
j=nk
A(T j(αk)−Q d(a, T
nk(αk))
Therefore
0 ≥ S(a, a) ≥ S(a, b) + S(b, a)
≥ lim sup
k
nk−1∑
j=0
A(T j(αk)) + lim sup
k
mk−1∑
j=nk
A(T j(αk))
≥ lim sup
k
[ nk−1∑
j=0
A(T j(αk)) +
mk−1∑
j=nk
A(T j(αk))
]
≥ lim sup
k
1
k
≥ 0.
(2). We first prove that if for some x0 ∈ Σ and a ∈ A(A) we have
(10) F (x0) = F (a) + SA(a, x0),
then equation (10) holds for every a ∈ A(A). If b ∈ A(A), using item 1 we have that
F (x0) ≥ F (b) + S(b, x0)
≥ F (a) + SA(a, b) + SA(b, x0)
≥ F (a) + SA(a, b) + SA(b, a) + SA(a, x0)
= F (a) + SA(a, x0)
= F (x0).
Therefore F (x0) = F (b) + S(b, x0).
It is enough to prove that given any x0 ∈ Σ there is a ∈ A(A) such that the equality (10) holds. since
F is calibrated there are xk ∈ Σ and nk ∈ N such that T
nk(xk) = x0, ∃ limk xk = a and for every k ∈ N,
F (x0) = F (xk) +
nk−1∑
j=0
A(T j(xk)).
We have that
SA(a, x0) ≥ lim sup
k
nk−1∑
j=0
A(T j(xk))
= lim sup
k
F (x0)− F (xk)
= F (x0)− F (a)
≥ S(a, x0).
Therefore equality (10) holds.
It remains to prove that a ∈ A(A), i.e. that SA(a, a) = 0. We can assume that the sequence nk is
increasing. Let mk = nk+1−nk. Then T
mk(xk+1) = xk. Let τk be the branch of the inverse of T
mk such
that τk(xk) = xk+1 and ak+1 := τk(a). We have that∣∣∣∣∣∣
mk−1∑
j=0
A(T j(ak+1))−
mk−1∑
j=0
A(T j(xk+1))
∣∣∣∣∣∣ ≤
‖A‖α
1− λα
d(a, xk)
α.
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Since xk → a we have that
d(ak+1, a) ≤ d(ak+1, xk+1) + d(xk+1, a)
≤ λmk d(xk, a) + d(xk+1, a)
≤ d(xk, a) + d(xk+1, a)
k
−→ 0.
Therefore
0 ≥ SA(a, a) ≥ lim sup
k
mk−1∑
j=0
A(T j(ak+1))
≥ lim sup
k
mk−1∑
j=0
A(T j(xk+1))−Q d(a, xk)
α
= lim sup
k
F (xk)− F (xk+1)−Q d(a, xk)
α
= 0.

The above result (2) is true for F only continuous.
Corollary 3.5. Let R be as in Theorem 3.1. Then if A ∈ R, F ∈ S(A) we have
(1) If x /∈ A(A) then IF (x) > 0.
(2) If x /∈ A(A) and T (x) ∈ A(A) then RF (x) > 0.
Proof.
(1). By lemma 3.4.(2) modulo adding a constant there is only one Ho¨lder calibrated sub-action F in
S(A). Then by proposition 3.1, A(A) = [IF = 0]. Since IF ≥ 0, this proves item 1.
(2). Since T (x) ∈ A(A)
IF (x) =
∑
n≥1
RF (T
n(x)) = 0.
Since x /∈ A(A), by item 2 and proposition 3.1, A(A) = [IF = 0]. Then
IF (x) =
∑
n≥0
RF (T
n(x)) > 0.
Hence RF (x) > 0. 
Lemma 3.6.
(1) A 7→ mA has Lipschitz constant 1.
(2) Fix x0 ∈ Σ. The set S(A) of α-Ho¨lder calibrated sub-actions F for A with F (x0) = 0 is an
equicontinuous family. In fact
sup
F∈S(A)
|F |α <∞.
(3) The set S(A) of α-Ho¨lder continuous calibrated sub-actions is closed under the C0 topology.
(4) If #M(A) = 1, An
n
→ A uniformly, supn |An|α <∞, and, Fn ∈ S(An),
then, limn Fn = F uniformly.
(5) A ≤ B & mA = mB =⇒ SA ≤ SB .
(6) lim sup
B→A
N(B) ⊆ N(A), where
lim sup
B→A
N(B) =
{
lim
n
xn
∣∣ xn ∈ N(Bn), Bn n→ A, ∃ lim
n
xn
}
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(7) If A ∈ R then
lim
B→A
dH(A(B),A(A)) = 0,
where dH is the Hausdorff distance.
(8) If A ∈ R with M(A) = {µ } and νB ∈M(B) then
lim
B→A
dH
(
supp(νB), supp(µ)
)
= 0.
(9) If A ∈ R then
lim
B→A
dH
(
M(B),A(A)
)
= 0.
If X, Y are two metric spaces and F : X → 2Y = P(Y ) is a set valued function, define
lim sup
x→x0
F(x) =
⋂
ε>0
⋂
δ>0
⋃
d(x,x0)<δ
Vε(F(x)),
lim inf
x→x0
F(x) =
⋂
ε>0
⋃
δ<0
⋂
d(x,x0)<δ
Vε(F(x)),
where
Vε(C) =
⋃
y∈C
{ z ∈ Y | d(z, y) < ε }.
Proof.
(1). We have that A ≤ B + ‖A−B‖0, then∫
A dµ ≤
∫
B dµ+ ‖A−B‖0 , ∀µ ∈M(T ),∫
A dµ ≤ sup
µ∈M(T )
∫
B dµ+ ‖A−B‖0 = mB + ‖A−B‖0 ,
mA ≤ mB + ‖A−B‖0 .
Similarly mB ≤ mA + ‖A−B‖0 and then |mA −mB | ≤ ‖A− B‖0.
See also [24] and [16] for a proof.
(2). Let ε > 0 and 0 < λ < 1 be such that for any x ∈ Σ there is an inverse branch τ of T which is
defined on the ball B(T (x), ε) := { z ∈ Σ | d(z, T (x)) < ε }, has Lipschitz constant λ and τ(T (x)) = x.
Let F ∈ S(A). Let
K := |F |α := sup
d(x,y)<ε
|F (x) − F (y)|
d(x, y)α
, a := |A|α := sup
d(x,y)<ε
|A(x)−A(y)|
d(x, y)α
be Ho¨lder constants for F and A. Given x, y ∈ Σ with d(x, y) < ε let τi, i = 1, . . . ,m(x) ≤ M be the
inverse branches for T about x and let xi = τi(x), yi = τi(y). We have that
|F (xi)− F (yi)|K;λ
α d(x, y)α, |A(xi)−A(yi)|α λ
α d(x, y)α.
F (xi) +A(xi) ≤ F (yi) +A(yi) + (K + a) λ
α d(x, y)α,
max
i
[
F (xi) +A(xi)−mA
]
≤ max
i
[
F (yi) + A(yi)−mA
]
+ (K + a) λα d(x, y)α,
F (x) ≤ F (y) + (K + a) λα d(x, y)α,
Then |F |α ≤ λ
α (|F |α + |A|α) and hence
(11) |F |α ≤
λα
(1− λα)
|A|α.
This implies the equicontinuity of S(A).
The proof of the above result could be also get if we just assume that F is continuous.
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(3). It is easy to see that uniform limit of calibrated sub-actions is a sub-action, and it is calibrated
because the number of inverse branches of T is finite, i.e. supy∈Σ#T
−1{y} <∞. By (2) all Cα calibrated
sub-actions have a common Ho¨lder constant, the uniform limits of them have the same Ho¨lder constant.
(4). The family {Fn} satisfies Fn(x0) = 0 and by inequality (11)
|Fn|α <
λα
(1− λα)
sup
n
|An|α <∞.
Hence {Fn} is equicontinuous. By Arzela´-Ascoli theorem it is enough to prove that there is a unique
F (x) = SA(x0, x) which is the limit of any convergent subsequence of {Fn}. Since sup |An|α < ∞, by
inequality (11), any such limit is α-Ho¨lder. Since by lemma 3.4.(2), S(A) ∩ [F (x0) = 0] = {F (x) =
SA(x0, x) }, it is enough to prove that any limit of a subsequence of {Fn} is a calibrated sub-action. But
this follows form the continuity of A 7→ mA, the equality
Fn(x) = max
T (y)=x
Fn(y) +An(y)−mAn
and the fact sup
x∈Σ
#(T−1{x}) <∞.
(5). The proof follows from the expression
SA(x, y) := lim
ε→0
[
sup
{ n−1∑
i=0
[
A(T i(z))−mA
] ∣∣∣ n ∈ N, T n(z) = y, d(z, x) < ε}].
(6). Let xn ∈ Bn → A be such that xn → x0. Let Fn ∈ S(A) be such that IFn(xn) = 0. Adding
a constant we can assume that Fn(x0) = 0 for all n. By (2), taking a subsequence we can assume that
∃F = limn Fn in the C
0 topology. Then F is a Cα calibrated sub-action for A. Also RFn → RF uniformly
and there is a common Ho¨lder constant C for all the RFn . We have that
|RFn(T
k(xn))−RF (T
k(x0))| ≤∣∣RFn(T k(xn))−RFn(T k(x0))∣∣+ ∣∣RFn(T k(x0))−RF (T k(x0))∣∣
≤ C d(T k(xn), T
k(x0))
α + ‖RFn −RF ‖
n
−→ 0
Since for all n, k, RFn(T
k(xn)) = 0, we have that RF (T
k(x0)) = 0 for any k. Hence IF (x0) = 0 and then
x0 ∈ N(A).
(7). By Lemma 3.4.(2), there is only one calibrated sub-action modulo adding a constant. Then by
Proposition 3.1, A(A) = N(A). Then by (6) lim supB→A A(B) ⊂ A(A). It is enough to prove that for
any x0 ∈ A(A) and Bn → A, there is xn ∈ A(Bn) such that limn xn = x0. Let µn ∈ M(Bn). Then
limn µn = µ in the weak* topology. Given x0 ∈ A(A) = supp(µ) we have that
∀ε > 0 ∃N = N(ε) > 0 ∀n ≥ N : µn(B(x0, ε)) > 0.
We can assume that for all m ∈ N, N( 1
m
) < N( 1
m+1 ). For N(
1
m
) ≤ n < N( 1
m+1 ) choose xn ∈ supp(µn)∩
B(x0,
1
m
). Then xn ∈ A(Bn) and limn xn = x0. .
(8). For any B ∈ F We have that
supp(νB) ⊆ A(B) ⊆ N(B).
By item 7,
lim sup
B→A
supp(νB) ⊆ A(A) = supp(µ).
It remains to prove that
lim inf
B→A
supp(νB) ⊇ supp(µ).
But this follows from the convergence limB→A νB = µ in the weak* topology.
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(9). Write M(A) = {µ }. By items (7) and (8) we have that
lim sup
B→A
M(B) ⊆ lim sup
B→A
A(B) ⊆ A(B),
A(A) = supp(µ) ⊆ lim inf
B→A
M(B).

Proof of Theorem 3.1.
The set
D := {A ∈ F |#M(A) = 1 }
is dense (c.f. [16]). We first prove that D ⊂ R, and hence that R is dense.
Given A ∈ D with M(A) = {µ} and ε > 0, let ψ ∈ F be such that ‖ψ‖0 + ‖ψ‖α < ε ψ ≤ 0,
[ψ = 0] = supp(µ). It is easy to see that M(A + ψ) = {µ} = M(A). Let x0 /∈ supp(µ). Given δ > 0,
write
SA(x0, x0; δ) := sup
{ n−1∑
k=0
A(T k(xn)) | T
n(xn) = x0, d(xn, x0) < δ
}
.
If T n(xn) = x0 is such that d(xn, x0) < δ then
n−1∑
k=0
(A+ ψ)(T k(xn)) ≤ SA(x0, x0; δ) +
n−1∑
k=0
ψ(T k(xn))
≤ SA(x0, x0; δ) + ψ(xn).
Taking lim supδ→0,
SA+ψ(x0, x0) ≤ SA(x0, x0) + ψ(x0) ≤ ψ(x0) < 0.
Hence x0 /∈ A(A+ψ). Since by lemma 3.1.(1), supp(µ) ⊂ A(A+ψ), then A(A+ψ) = supp(µ) and hence
A+ ψ ∈ R.
Let
U(ε) := {A ∈ F | dH(A(A),M(A)) < ε }.
From the triangle inequality
dH(A(B),M(B)) ≤ dH(A(B),A(A)) + dH(A(A),M(B))
and items (7) and (9) of lemma 3.6, we obtain that U(ε) contains a neighborhood of D. Then the set
R =
⋂
n∈N
U( 1
n
)
contains a residual set.

4. Duality.
In this section we have to consider properties for A∗ which depends of the initial potential A.
We will consider now the specific example described before. We point out that the results presented
bellow should hold in general for natural extensions.
We will assume that T and σ are topologically mixing.
Remember that T : Σˆ→ Σˆ,
T(x, ω) = (T (x), τx(ω)) , T
−1(x, ω) = (τω(x), σ(ω))
Given A ∈ F define ∆A : Σ× Σ× Σ→ R as
∆A(x, y, ω) :=
∑
n≥0
A(τn,ω(x)) −A(τn,ω(y))
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where
τn,ω(x) = τσnω ◦ τσn−1ω ◦ · · · ◦ τω(x).
Fix x ∈ Σ and w ∈ Σ.
The involution W -kernel can be defined as WA : Σ × Σ → R, WA(x, ω) = ∆A(x, x, ω). Writing
A := A ◦ π1 : T→ R, we have that
W (x, ω) =
∑
n≥0
A(T−n(x, ω))− A(T−n(x, ω))
We can get the dual function A∗ : Σ→ R as
A∗(ω) := (WA ◦ T
−1 −WA +A ◦ π1)(x, ω).
Remember that we consider here the metric on Σ defined by
d(ω, ν) := λN , N := min{ k ∈ N |ωk 6= νk }
Then λ is a Lipschitz constant for both τx, and τω and also for T|{x}×Σ and T
−1|Σ×{ω}
Write F := Cα(Σ,R) and F∗ := Cα(Σ,R). Let B and B∗ be the set of coboundaries
B : = { u ◦ T − u | u ∈ Cα(Σ,R) },
B∗ : = { u ◦ σ − u | u ∈ Cα(Σ,R) }.
Remember that
||z||α = ‖z‖0 + |z|α.
We also use the notation [z]α = ||z||α.
Lemma 4.1.
(1) z ∈ B ⇐⇒ z ∈ Cα(Σ,R) & ∀µ ∈M(T ),
∫
z dµ = 0.
(2) The linear subspace B ⊂ Cα(Σ,R) is closed.
(3) The function
[z + B]α = inf
b∈B
[z + b]α
is a norm in F/B.
Proof.
(1). This follows1 from [7], Theorem 1.28 (ii) =⇒ (iii).
(2). We prove that the complement Bc is open. If z ∈ Cα(Σ,R) \ B, by item (1), there is µ ∈ M(T )
such that
∫
z dµ 6= 0. If u ∈ Cα(Σ,R) is such that
‖u− z‖0 <
1
2
∣∣∣∣
∫
z dµ
∣∣∣∣
then
∫
u dµ 6= 0 and hence u /∈ B.
(3). This follows from item (2).

Lemma 4.2.
(1) If A is Cα then A∗ is Cα.
(2) The linear map L : Cα(Σ,R)→ Cα(Σ,R) given by L(A) = A∗ is continuous.
(3) B ⊂ kerL.
(4) The induced linear map L : F/B → F∗/B∗ is continuous.
1Theorem 1.28 of R. Bowen [7] asks for T to be topologically mixing.
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(5) Fix one ω ∈ Σ. Similarly the corresponding linear map L∗ : F∗ → F , given by
L∗(ψ) =W ∗ψ ◦ T−Wψ + ψ ◦ π2
=
∑
n≥0
Ψ(Tn(x, ω))−Ψ(Tn(Tx, ω))
= Ψ(x, ω) +
∑
n≥0
Ψ(Tn(Tx, τxω))−Ψ(T
n(Tx, ω)),
with Ψ = ψ ◦ π2, is continuous and induces a continuous linear map
L∗ : F∗/B∗ → F/B, which is the inverse of L : F/B → F∗/B∗.
Proof.
(1) and (2). We have that
A∗(ω) =
∑
n≥0
A(T−n(x, ω))− A(T−n(x, σ ω))
= A(x) +
∑
n≥0
A(T−n(τω x, σ ω))− A(T
−n(x, σ ω))
Since d(T−n(τω x, σ ω),T
−n(x, σ ω)) ≤ λn d(τω x, x) ≤ λ
n and ‖A‖α = ‖A ◦ π1‖α = ‖A‖α, we have that
‖A∗‖0 ≤ ‖A‖0 +
‖A‖α
1− λα
.
Also if m := min{ k ≥ 0 |wk 6= νk }
A∗(ω)−A∗(ν) =
∑
n≥m−1
A(T−n(τω x, σ ω))− A(T
−n(x, σ ω))
−
∑
n≥m−1
A(T−n(τν x, σ ν)) − A(T
−n(x, σ ν))
|A∗(ω)−A∗(ν)| ≤ 2 ‖A‖α
λ(m−1)α
1− λα
=
2 ‖A‖α λ
−α
1− λα
d(ω, ν)α.
‖A∗‖α ≤
2 ‖A‖α
λα(1− λα)
.
(3). If u ∈ F and U := u ◦ π1 from the formula for L (in the proof of item [1]) we have that
L(u ◦ T − u) = U(T(x, ω))− U(T(x, σω))
= u(T x)− u(T x) = 0.
(4). Item (4) follows from items (2) and (3).
(5). We only prove that for any A ∈ F , L∗(L(A)) ∈ A+ B. Write
L∗(L(A)) =
(
W ∗A∗ ◦ T−W
∗
A∗ + A
∗
)
( · , ω)
= (W ∗A∗ ◦ T−W
∗
A∗ +WA ◦ T
−1 −WA) +A
Write
(12) B :=W ∗A∗ ◦ T−W
∗
A∗ +WA ◦ T
−1 −WA.
Since A,L∗(L(A)) ∈ F = Cα(Σ,R), then B ∈ Cα(Σ,R).
Following Bowen, given any µ ∈ M(T ) we construct an associated measure ν ∈ M(T). Given z ∈
C0(Σ× Σ,R) define z♯ ∈ C0(Σ,R) as z♯(x) := z(x, ω). We have that∥∥(z ◦ Tn)♯ ◦ Tm − (z ◦ Tn+m)♯∣∣
0
≤ varnz
n
−→ 0,
where
varnz = sup{ |z(a)− z(b)| | ∃x ∈ Σ, a, b ∈ T
n({x} × Σ) }
≤ sup{ |z(a)− z(b)| | dΣ×Σ(a, b) ≤ λ
n }
n
−→ 0,
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dΣ×Σ = dΣ ◦ (π1, π1) + dΣ ◦ (π2, π2).
Then ∣∣µ((z ◦ Tn)♯)− µ((z ◦ Tn+m)♯∣∣ = ∣∣µ((z ◦ Tn)♯ ◦ Tm)− µ((z ◦ Tn+m)♯∣∣ ≤ varnz.
Therefore µ((z ◦ Tn)♯) is a Cauchy sequence in R and hence the limit
ν(z) := lim
n
µ((z ◦ Tn)♯)
exists. By the Riesz representation theorem ν defines a Borel probability measure in Σ × Σ, and it is
invariant because
ν(z ◦ T) = lim
n
µ((z ◦ Tn+1)♯) = ν(z).
Now let B := L∗(L(A)) − A and B := B ◦ π1. By formula (12) we have that B is a coboundary in
Σ× Σ. Since π1 ◦ T
n = T n we have that
0 = ν(B) = lim
n
µ((B ◦ Tn)♯)
= lim
n
µ(B ◦ T n)
= µ(B).
Since this holds for every µ ∈ M(T ), by lemma 4.1.(1), B ∈ B and then
(L+ ◦ L)(A+ B) ⊂ A+ B.

Theorem 4.1.
There is a residual subset Q ⊂ Cα(Σ,R) such that if A ∈ Q and A∗ = L(A) then
(13)
M(A) = {µ} , A(A) = supp(µ),
M(A∗) = {µ∗} , A(A∗) = supp(µ∗).
In particular
IA(x) > 0 if x /∈ supp(µ),
IA(ω) > 0 if ω /∈ supp(µ
∗),
and
RA(x) > 0 if x /∈ supp(µ) and T (x) ∈ supp(µ),
RA(ω) > 0 if ω /∈ supp(µ
∗) and σ(ω) ∈ supp(µ).
Proof. Observe that the subsetR defined in (9) in theorem 3.1 is invariant under translations by cobound-
aries, i.e. R = R+ B. Indeed if B = u ◦ T − u ∈ B, we have that∫
(A+B) dµ =
∫
Adµ, ∀µ ∈ B,
SA+B(x, y) = SA(x, y) +B(x) −B(y), ∀x, y ∈ Σ.
Then the Aubry set and the set of minimizing measures are unchanged:
M(A+B) =M(A), A(A+B) = A(A).
For the dynamical system (Σ, σ) let
R∗ = {ψ ∈ Cα(Σ,R) | M(ψ) = {µ}, A(ψ) = supp(ν) }
By theorem 3.1, the subset R∗ contains a residual set in F∗ = Cα(Σ,R) and it is invariant under
translations by coboundaries: R∗ = R∗ + B∗
By lemma 4.2 the linear map L : F/B → F∗/B∗ is a homeomorphism with inverse L∗. Then the set
Q := R∩ L−1(R∗) = R∩ (L∗(R∗) + B) contains a residual subset and satisfies (13).
By Corollary 3.5 the other properties are automatically satisfied.
26 G. CONTRERAS (*), A. O. LOPES (**) AND E. R. OLIVEIRA (***)

From this last theorem it follows our main result about the generic potential A to be in G.
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